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This paper treats the following type of nonlinear functional equations
ϕ(x) =m H(x,ϕ[g(x)])
Hϕ(x,ϕ[g(x)]) ,
where m is a real number, H(x, y) and g(x) are given functions, and ϕ(x) is an unknown
function. Under certain conditions, we prove that such type of equations admits a unique
continuous solution.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we consider a new class of nonlinear functional equations arising in a two-dimensional optimal stop-
ping problem. Under certain conditions, we prove that the present class of nonlinear functional equations admits a unique
continuous solution.
Let U and V be topological and complete metric spaces, respectively. Let H(x, y) :U × V → V and g :U → U be given
real-valued functions satisfying the following conditions:
(A0) H :U × V → V and g :U → U are continuous functions and H(x, y) has a continuous partial derivative Hy = 0
in U × V ;
(A1) there exist a nondecreasing function α : [0,∞) → [0,∞) and a positive real number m > 1 such that
ρ
(
m
H(x, y)
Hy(x, y)
,m
H(x, z)
Hz(x, z)
)
 α
(
mρ(y, z)
)
,
for x ∈ U and y, z ∈ V , where ρ is a metric on V .
Our main concern in this paper is to prove that the functional equation
ϕ(x) =m H(x,ϕ[g(x)])
Hϕ(x,ϕ[g(x)]) (1.1)
admits a unique continuous solution ϕ :U → V assuming that conditions (A0) and (A1) hold.
The original motivation of the present paper is a class of nonlinear functional equations treated earlier by Kuczma
(see [3,4], etc.), which is a special case of Eq. (1.1).
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Our main result is stated and proved in the next theorem.
Theorem 2.1. If U is a compact space and conditions (A0), (A1) and
α(0) = 0, lim
s→t+
supα(s) < t for all t ∈ (0,∞),
hold, then the nonlinear functional equation (1.1) has a unique continuous solution ϕ :U → V .
Proof. The proof follows similarly as in Baron [1], and using a well-known ﬁxed point theorem due to Boyd and
Wong [2]. 
Remark 2.1. It must be stressed that, even though the proof of the above result follows similarly as in [1], the present class
of nonlinear functional equations (1.1) is not dealt with by Baron [1].
3. Application to optimal stopping problems
In this section we consider one example to illustrate the main result of this paper. We consider the problem of char-
acterizing the optimal stopping boundary of a two-dimensional optimal stopping problem. The present optimal stopping
problem can be regarded as an extension of the one-dimensional case in Salminen [5].
Let Qt = (xt , yt) be a two-dimensional diffusion process given by
dxt = θ(xt)dt + β(xt)dB1t ; x(0) = x,
dyt = μyt dt + σ yt dB2t ; y(0) = y, (3.1)
initially starting at (x, y) in the positive quadrant, where σ > 0, μ are ﬁxed constants, β(·) > 0, θ(·) are bounded measurable
functions and Bt = (B1t , B2t ) is a two-dimensional Brownian motion on a probability space (Ω,F ,P).
Consider the following optimal stopping problem: Find a stopping time τ ∗ such that
sup
τ
Ex,y
[
H(xτ , yτ )e
− ∫ τ0 p(xs)ds], (3.2)
where the sup is taken over all ﬁnite stopping times τ , Ex,y denotes the expectation with respect to the law Px,y of the
process Qt starting at (x, y) in the positive quadrant, and p :R+ → R is a bounded Borel function.
It turns out that, using the classical smooth-ﬁt principle [6], the optimal stopping boundary y = ϕ(x) of the optimal
stopping problem (3.2) is characterized by a nonlinear functional equation of the form (1.1). We shall now give one simple
example where ϕ(x) is given explicitly.
Example 3.1. Let m > 1 be a ﬁxed positive constant, H(x,ϕ(x)) = x−ϕ(x) and let U = {x: 0 x a} and V = [0,∞), where
0 < a < ∞. Let α(mt) be given by
α(mt) =
{
bt for 0 < t  1,
c for t  1
where b = 1/m and c = b.
Clearly, all the conditions in Theorem 2.1 are satisﬁed. In this particular case, ϕ(x) = mxm−1 is a unique continuous solution
of the functional equation (1.1).
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